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Abstract
In this article, we introduce and study a new system of generalized quasi-variational-
like inclusions with noncompact valued mappings. By using the h-proximal mapping
technique, we prove the existence of solutions and the convergence of some new
N-step iterative algorithms for this system of generalized quasi-variational-like
inclusions. Our results extend and improve some known results in the literature.
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1 Introduction
Let H be a real Hilbert space, and CB(H) be the family of all nonempty bounded closed
subsets of H. We will consider the following problem:
For i, j = 1, 2, . . . , N, let Aij: H ® CB(H), hi: H × H ® H, gi: H ® H,
Ti : H × H × · · · × H︸ ︷︷ ︸
N
→ H




2, . . . , x
∗
N ∈ H ,
u∗11 ∈ A11x∗1, u∗12 ∈ A12x∗2, . . . , u∗1N ∈ A1Nx∗N, . . . , u∗N1 ∈ AN1x∗1, u∗N2 ∈
AN2x∗2, . . . , u
∗
NN ∈ ANNx∗N such that
〈Ti(u∗i1, u∗i2, . . . , u∗iN), ηi(x, gi(x∗i ))〉 ≥ ϕi(gi(x∗i ))−ϕi(x), ∀x ∈ H, i = 1, 2, . . .N. (1:1)
Problem (1.1) is called the set-valued nonlinear generalized quasi-variational-like
inclusions.
Various special cases of the problem (1.1) had been studied by many authors before.
Here, we mention some of them as follows:
(1) If N = 2, A11 = A12 = A, A21 = A22 = B, T1 = T, T1(A(·), B(·)) : H ® CB(H), then
the problem (1.1) reduces to find x* Î H, u* Î Ax*, v* Î Bx* such that
〈T(u∗, v∗), η(x, g(x∗))〉 ≥ ϕ(g(x∗)) − ϕ(x), ∀x ∈ H. (1:2)
Problem (1.2) was introduced and studied by Ding [1] in 2001.
(2) If N = 2, A11 = A12 = A21 = A22 = I, gi= I (identical operator), h(x, y) = x-y, 1 = 2 =
, T : H × H® H, T1(A11x, A12y) = r1T (A12y, A11x) + A11x - A12y, T2(A21x, A22y) = r2T
(A21x, A22y) + A22y - A21x, then the problem (1.1) reduces to find x*, y* Î H such that
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{ 〈ρ1T(y∗, x∗) + x∗ − y∗, x − x∗〉 + ϕ(x) − ϕ(x∗) ≥ 0, ∀x ∈ H, ρ1 > 0;
〈ρ2T(x∗, y∗) + y∗ − x∗, x − y∗〉 + ϕ(x) − ϕ(y∗) ≥ 0, ∀x ∈ H, ρ2 > 0. (1:3)
Problem (1.3) was studied by He and Gu [2] in 2009.
(3) Let K ⊂ H be a closed convex subset, (x) = IK(x), the problem (1.3) reduces to
find x*, y* Î K such that{ 〈ρ1T(y∗, x∗) + x∗ − y∗, x − x∗〉 ≥ 0, ∀x ∈ K, ρ1 > 0;
〈ρ2T(x∗, y∗) + y∗ − x∗, x − y∗〉 ≥ 0, ∀x ∈ K, ρ2 > 0. (1:4)
Problem (1.4) was inspected and studied by Chang [3], Verma [4,5] and Huang [6].
(4) If N = 2, A11 = A12 = A21 = A22 = I, g : H® H, T1(x, y) = r1Ty + g(x) - g(y), T2(x, y) =
r2Tx + g(y) - g(x), (r1, r2>0), h(x, y) = g(x) - g(y), then the problem (1.1) reduces to find x*,
y* Î H such that{ 〈ρ1Ty∗ + g(x∗) − g(y∗), g(x) − g(x∗)〉 ≥ 0, ∀x ∈ H;
〈ρ2Tx∗ + g(y∗) − g(x∗), g(x) − g(y∗)〉 ≥ 0, ∀x ∈ H. (1:5)
Problem (1.5) was introduced and studied by Hajjafar and Verma [7].





3 ∈ H, u∗i1 ∈ Ai1x∗1, u∗i2 ∈ Ai2x∗2, u∗i3 ∈ Ai3x∗3(i = 1, 2, 3) such that⎧⎨
⎩
〈T1(u∗11, u∗12, u∗13), x − g1(x∗1)〉 ≥ ϕ1(g1(x∗1)) − ϕ1(x), ∀x ∈ H;
〈T2(u∗21, u∗22, u∗23), x − g2(x∗2)〉 ≥ ϕ2(g2(x∗2)) − ϕ2(x), ∀x ∈ H;
〈T3(u∗31, u∗32, u∗33), x − g3(x∗3)〉 ≥ ϕ3(g3(x∗3)) − ϕ3(x), ∀x ∈ H.
(1:6)
Problem (1.6) was studied by Kazmi et al. [8].
For more special cases, please refer to [1-9] and the references therein.
Remark 1.1. Yang [10] pointed out a fact for the problem (1.4) discussed in refer-
ence [5], namely, if the problem (1.4) has a solution (x*, y*), then x* = y*. Therefore,
actually, the problem(1.4) is a single variational inequality:
〈T(x∗, x∗), x − x∗〉 ≥ 0, ∀x ∈ K.
In this article, we study the problem (1.1). By using the h proximal mapping techni-
que, we prove the existence of solutions and approximate the solutions by some new
N -step iterative algorithms. Our results extend and improve some known results in
the references [1-9].
2 Preliminaries
In this article, we need the following concepts and lemmas.
Definition 2.1 [1] A mapping g : H ® H is said to be
(i) ξ-strongly monotone if there exists a constant ξ >0 such that
〈g(x) − g(y), x − y〉 ≥ ξ∥∥x − y∥∥2, ∀x, y ∈ H.
(ii) ζ-Lipschitz continuous if there exists a constant ζ >0 such that∥∥g(x) − g(y)∥∥ ≤ ζ ∥∥x − y∥∥ , ∀x, y ∈ H.
Definition 2.2 [1] A mapping h : H × H ® H is said to be
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(i) s - strongly monotone if there exists a constant s >0 such that
〈x − y, η(x, y)〉 ≥ σ∥∥x − y∥∥2, ∀x, y ∈ H;
(ii) τ - Lipschitz continuous if there exists a constant τ >0 such that∥∥η(x, y)∥∥ ≤ τ ∥∥x − y∥∥ , ∀x, y ∈ H.
Definition 2.3 [1,11] Let A : H ® CB(H) be a set-valued mapping,
T : H × H × · · · × H︸ ︷︷ ︸
N
→ H
is said to be
(i) a - (A, g)-strongly monotone in the ith argument if a >0 such that
〈T(. . . , ui, . . .)−T(. . . , vi, . . .), g(x)−g(y)〉 ≥ α
∥∥x − y∥∥2, ∀x, y ∈ H, ui ∈ Ax, vi ∈ Ay.
(ii) (s1, s2, . . . , sN)-Lipschitz continuous if there exist constants s1, s2, . . . , sN >0
such that for all xi, yiÎ H, i = 1, 2, . . . , N,∥∥T(x1, x2, . . . , xN) − T(y1, y2, . . . , yN)∥∥ ≤ s1 ∥∥x1 − y1∥∥+s2 ∥∥x2 − y2∥∥+· · ·+sN ∥∥xN − yN∥∥ .
(iii) A set-valued A is said to be δ - H - Lipschitz continuous if there exists a con-
stant δ >0 such that
H(Ax, Ay) ≤ δ ∥∥x − y∥∥ , ∀x, y ∈ H,
where H(·,·) is the Hausdorff metric on CB(H).
Definition 2.4 [1] A functional f : H ×H ® R∪{+∞} is said to be 0-diagonally quasi-










f (xi, y) ≤ 0.
Definition 2.5 [1] Let h : H × H ® H be a single-valued mapping. A proper func-
tional  : H ® R∪{+∞} is said to be h-subdifferentiable at a point x Î H, if there exists
a point f * Î H such that
〈f ∗, η(y, x)〉 ≤ ϕ(y) − ϕ(x), ∀y ∈ H,
where f * is called a h- subgradient of  at x. The set of all h-subgradients of  at x
is denoted by ∂h(x). We have
∂ηϕ(x) = {f ∗ ∈ H, 〈f ∗, η(y, x)〉 ≤ ϕ(y) − ϕ(x), ∀y ∈ H.} (2:1)
Definition 2.6 [1] Let h,  be according to Definition 2.5, if for each x Î H and r
>0,there exists a unique point u Î H such that
〈u − x, η(y, u)〉 ≥ ρϕ(u) − ρϕ(y), ∀y ∈ H, (2:2)
then the mapping x 
→ u denoted by Jρϕ , is said to be h- proximal mapping of . By
(2.1) and the definition of Jρϕ , we have x - u Î r∂h(x), it follows that
Jρϕ(x) = (I + ρ∂ηϕ)−1(x).
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Lemma 2.1 [1] Let h : H × H ® H be continuous and s-strongly monotone such
that h(x, y) = -h(y, x) for all x, y Î H. And for any given x Î H, the function h(y, u) =
〈x - u, h(y, u)〉 is 0-DQCV in y. Let  : H ® R ∪ {+∞} be a lower semicontinuous h-
subdifferentiable proper functional on H, then for any given r >0 and x Î H there
exists a unique u Î H such that
〈u − x, η(y, u)〉 ≥ ρϕ(u) − ρϕ(y), ∀y ∈ H.
i.e., u = Jρϕ(x) .
Lemma 2.2 Let h : H × H ® H be s- strongly monotone and τ -Lipschitz continu-
ous such that h(x, y) = -h(y, x). Let h(y, u), , r be according to Lemma 2.1, then the
h-proximal mapping Jρϕ(x) of  is τσ -Lipschitz continuous.
3 Main results
Theorem 3.1 (x∗1, x
∗






i2, . . . , u
∗
iN, i = 1, 2, . . . , N.) is a solution of pro-
blem (1.1) if and only if (x∗1, x
∗






i2, . . . , u
∗
iN, i = 1, 2, . . . , N.) satisfies
the following relation: For every i = 1, 2, . . . N,








= (I + ρi∂ηϕi)−1, ρi > 0.
Proof. Assume the (x∗1, x
∗






12, . . . , u
∗




N2, . . . , u
∗
NN)
satisfies relation (3.1). Since Jρiϕi = (I + ρi∂ηiϕi)
−1 , we have
gi(x∗i ) + ρi∂ηiϕi(gi(x
∗
i )) ∈ gi(x∗i ) − ρiTi(u∗i1, u∗i2, . . . , u∗iN).
i.e.,
−T1(u∗i1, u∗i2, . . . , u∗iN) ∈ ∂ηiϕi(gi(x∗i )).
By the Definition 2.5 of hi-subdifferential, the above relation holds if and only if
−〈Ti(u∗i1, u∗i2, . . . , u∗iN), ηi(x, gi(x∗i ))〉 ≤ ϕi(x) − ϕi(gi(x∗i )), ∀x ∈ H,
and hence
〈Ti(u∗i1, u∗i2, . . . , u∗iN), ηi(x, gi(x∗i ))〉 ≥ ϕi(gi(x∗i )) − ϕi(x), ∀x ∈ H, i = 1, 2, . . . , N.
i.e., (x∗1, x
∗






i2, . . . , u
∗
iN, i = 1, 2, . . . , N.) is a solution of the problem
(1.1). □
Now, we give iterative algorithms of problem (1.1).
Algorithm(I) For given x01, x
0
2, . . . , x
0




1 − g1(x01) + Jρ1ϕ1 (g1(x01) − ρ1T1(u011, u012, . . . , u01N));
x12 = x
0




N − gN(x0N) + JρNϕN (gN(x0N) − ρNTN(u0N1, u0N2, . . . , u0NN)).
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i − gi(x1i ) + Jρiϕi(gi(x1i ) − ρiTi(u1i1, u1i2, . . . , u1iN)), i = 1, 2, . . . , N.
By induction, we can define sequences {xni }, {unij} satisfying
xn+1i = x
n
i − gi(xni ) + Jρiϕi(gi(xni ) − ρiTi(uni1, uni2, . . . , uniN)),
where for any i, j = 1, 2, . . . , N; n = 0, 1, 2, . . . ,

















Theorem 3.2 Let H be a real Hilbert space. For i, j = 1, 2, . . . , N, let set-valued
mapping Aij: H ® CB(H) be δij - H - Lipschitz continuous. Let mapping hi: H × H ®
H be si- strongly monotone and τi-Lipschitz continuous such that hi(x, y) = -hi(y, x)
for all x, y Î H and for any given x Î H, the function hi(y, u) = 〈x - gi(u), hi(y, u)〉 is
0-DQCU in y. Let mapping gi: H ® H be ξi-strongly monotone and ζi-Lipschitz contin-
uous, and
Ti : H × H × · · · × H︸ ︷︷ ︸
N
→ H
be (s1, . . . , sN)-Lipschitz continuous and ai -
(Aij, gi)-strongly monotone in the ith argument. Let i: H ® R ∪ {+∞} be a lower semi-
continuous hi-subdifferentiable proper functional. If there exist r1, . . . , rN >0 such
that for all i = 1, 2, . . . , N
(













ρksiδki < 1; (3:2)
then the iterative sequences
{xn1}, . . . , {xnN}, {un11}, . . . , {un1N}, . . . , {unN1}, . . . , {unNN} , generated by algorithm (I)




11, . . . , u
∗
1N, . . . , u
∗
N1, . . . , u
∗
NN , respectively, and
(x∗1, x
∗






12, . . . , u
∗




N2, . . . , u
∗
NN) is a solution of the pro-
blem (1.1).




)− Jρiϕi (gi (xn−1i )− ρiTi (un−1i1 , un−1i2 , . . . , un−1iN ))∥∥
≤ ∥∥xni − xn−1i − gi (xni ) + gi (xn−1i )∥∥
+






)− ρiTi (un−1i1 , un−1i2 , . . . , un−1iN ))∥∥




∥∥gi (xni )− gi (xn−1i )− ρiTi (uni1, . . . , uniN) + ρiTi (un−1i1 , . . . , un−1iN )∥∥ .
(3:3)
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Since giis ξi-strongly monotone and ζi-Lipschitz continuous, we obtain∥∥xni − xn−1i − (gi (xni )− gi (xn−1i ))∥∥ ≤ √1 − 2ξi + ζ 2i ∥∥xni − xn−1i ∥∥ . (3:4)
Notice that,∥∥gi (xni )− gi (xn−1i )− ρi (Ti (uni1, . . . , uniN)− Ti (un−1i1 , . . . , un−1iN ))∥∥
















∥∥Ti (uni1, uni2, . . . , uni,i−1, un−1i,i , uni,i+1, . . . , uniN)− Ti (un−1i1 , un−1i2 , . . . , un−1iN )∥∥ .
(3:5)
Since Ti is (s1, . . . , sN)-Lipschitz continuous and ai - (Aij, gi)- strongly monotone in
the ith argument, we get




























































∥∥xni − xn−1i ∥∥2 − 2ρi αi‖ xni − xn−1i ∥∥2 + ρ2i s2i ∥∥ unii − un−1ii ∥∥2





















)2]∥∥xni − xn−1i ∥∥2.
(3:6)












































∥∥uni1 − un−1i1 ∥∥ + s2 ∥∥uni2 − un−1i2 ∥∥ + · · ·
+si−1















































































∥∥xn1 − xn−11 ∥∥ + s2δi2 ∥∥xn2 − xn−12 ∥∥ + · · ·
+si−1δi,i−1
∥∥xni−1 − xn−1i−1 ∥∥ + si+1δi,i+1 ∥∥xni+1 − xn−1i+1 ∥∥ + · · · + sNδiN ∥∥xnN − xn−1N ∥∥] .
(3:8)
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It follows from (3.3)-(3.8) that for every i = 1, 2, . . . ,N,
∥∥xn+1i − xni ∥∥ ≤
⎡
⎢⎢⎣√1 − 2ξi + ζ 2i + τiσi
(


















∥∥xnk − xn−1k ∥∥ .
(3:9)







⎢⎢⎣√1 − 2ξi + ζ 2i + τiσi
(













































⎭∥∥xni − xn−1i ∥∥
≤ θn




















































from (3.2) we have 0 < θ <1, and hence {xn1} . . . {xnN}are also Cauchy sequences. Thus
there exist x∗1, . . . , x
∗
N ∈ H such that xni → x∗i (n → ∞),i = 1, 2, . . . ,N.



















∥∥∥xnj − xn−1j ∥∥∥ .
It follows that {unij} are also Cauchy sequence. Therefore, there exist u∗ij ∈ H such
that unij → u∗ij(n → ∞).
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∥∥∥u∗ij − unij∥∥∥ d(unij, Aijx∗j )
≤







= 0.Since Aijx∗j is closed, u
∗
ij ∈ Aijx∗j , for each i = 1,2, . . . ,N, j












)− ρiTi (uni1, uni2, . . . , uniN)) , i = 1, 2, . . . , N,
and the continuity of gi, J
ρi
ϕi










)− ρiTi (u∗i1, u∗i2, . . . , u∗iN)) ,
and
u∗i1 ∈ Ai1x∗1, u∗i2 ∈ Ai2x∗2, . . . , u∗iN ∈ AiNx∗N.
0By Theorem 3.1, (x∗1, x
∗






i2, . . . , u
∗
iN, i = 1, 2, . . . , N) is a solution
of the problem (1.1). This completes the proof.□
Remark 3.1 For a suitable choice of Ti, Aij, hi, giand i, Theorem 3.2 includes many
known results of generalized quasi-variational-like inclusions as special cases (see
[1-8]),where iis nonconvex and Aijis noncompact.
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